Abstract. For the simply connected compact exceptional Lie group E 8 , we determine the structure of subgroup (E 8 ) σ,σ
Introduction
In the preceding paper [3] , for the simply connected compact exceptional Lie groups G = F 4 , E 6 and E 7 , we determined the structure of subgroups G σ,σ ′ of G which is the intersection G σ ∩ G and the connectedness of (E 8 C )
σ,σ ′ ,so(8,C) . Even if some of their proofs are similar to the previous paper [5] and [6] , we write in detail again.
To consider the group E 8 , we need to know some knowledge of the group E 7 . As for them we refer [6] and [7] . This paper is a continuation of [3] . We use the same notations as [3] , [6] and [7] .
Lie groups F 4
C , F 4 , E 6 C , E 7 C , E 8 C and E 8
We describe definitions of Lie groups used in this paper.
Let J C and J be the exceptional C-and R-Jordan algebras, respectively. The connected complex Lie group F 4 C and the connected compact Lie group F 4 are defined by
respectively, and the simply connected complex Lie group E 6 C is given by
We define R-linear transformations σ and σ ′ of J by
respectively. Then σ, σ ′ ∈ F 4 ⊂ F 4 C . σ and σ ′ are commutative: σσ ′ = σ ′ σ. Let P C be the Freudenthal C-vector space
in which the Freudenthal cross operation P × Q, P = (X, Y, ξ, η), Q = (Z, W, ζ, ω) ∈ P C , is defined as follow: where X ∨ W ∈ e 6 C is defined by
hereX : J C → J C is defined byXZ = X • Z, Z ∈ J C . Now, the simply connected complex Lie group E 7 C is defined by
The Lie algebra e 7 C of the group E 7 C is given by e 7 C = {Φ(φ, A, B, ν) | φ ∈ e 6 C , A, B ∈ J C , ν ∈ C}.
Naturally we have F 4 C ⊂ E 6 C ⊂ E 7 C . Finally, in a C-vector space e 8 C :
we define a Lie bracket [R 1 , R 2 ] by
where
then e 8 C becomes a complex simple Lie algebra of type E 8 ( [2] ).
We define a C-linear transformation λ of e 8 C by λ(Φ, P, Q, r, s, t) = (λΦλ −1 , λQ, −λP, −r, −t, −s), where λ is a C-linear transformation of P C defined by λ(X, Y, ξ, η) = (Y, −X, η, −ξ).
The complex conjugation in e 8 C is denoted by τ :
τ (Φ, P, Q, r, s, t) = (τ Φτ, τ P, τ Q, τ r, τ s, τ t),
where τ in the right hand side is the usual complex conjugation in the complexification. Now, the connected complex Lie group E 8 C and connected compact Lie group E 8 are given by
respectively. For α ∈ E 7 C , the mapping α : e 8 C → e 8 C is defined by α(Φ, P, Q, r, s, t) = (αΦα −1 , αP, αQ, r, s, t), then α ∈ E 8 C , so α and α will be identified. The group E 8 C contains E 7 C as a subgroup by
Similarly, E 7 ⊂ E 8 . In particular, elements σ, σ ′ of F 4 are also elements of E 8 ⊂ E 8 C . Therefore the actions of σ and σ ′ on e 8 C are given as σ(Φ, P, Q, r, s, t) = (σΦσ −1 , σP, σQ, r, s, t),
Hereafter, in e 8 C , we shall use the following notations.
We shall investigate the structure of a subgroup (
Lemma 2.1. In the Lie algebra f 4 C of the group F 4 C :
′ is isomorphic to spin(8, C):
Proof. Let Spin(8, C) be the group defined by
[7] Theorem 1.47). Now, we define a mapping ϕ :
The aim of this section is to show the connectedness of the group (E 7 C ) σ,σ ′ ,so(8,C)
. Now, we define subgroups (E 7 C ) σ,σ
(2) The Lie algebra (e 7 C )
In particular, we have
In the Lie algebra e 7 C , we define
and we define the group (
Note that if α ∈ E 7 C satisfies κα = ακ, then α automatically satisfies σα = ασ because −σ = exp(πiκ), i ∈ C, i 2 = −1.
(where indices are considered as mod 3).
Then we have this proposition (see [6] Theorem 4.6.13 for details).
) and β commute with each other, ϕ is a homomorphism. We shall show that ϕ is onto.
The latter case is impossible because A 1 = −A 1 is false. In the first case, from
Therefore ϕ is onto. It is not difficult to see that
Thus we have the required isomorphism (
Now, we determine the structure of the subgroup (
Proof. We define a mapping ϕ :
σ,σ ′ ,so(8,C) ) (Lemma 3.1), Ker ϕ is discrete. Hence Ker ϕ is contained in the center z(SL(2, C) × SL(2, C) × SL(2, C)) = {(±E, ±E, ±E)}. However, ϕ maps these elements to ±1, ±σ, ±σ
Hence we see that ϕ is onto. Thus we have the required isomorphism (
Connectedness of the group (E
We define a subgroup (E 8 C )
,
C , we denote ad(R) by Θ(R).
To prove the connectedness of the group (E 8 C )
σ,σ ′ ,so(8,C) , we use the method used in [5] . However, we write this method in detail again. Firstly, we consider a subgroup ((E 8 C )
In particular,
σ,σ ′ ,so(8,C) ) 1− ) = 9 + 8 + 1 = 18.
(2) The Lie algebra (e 8 C )
In the following proposition, we denote by (P C ) d the subspace of P C :
σ,σ ′ ,so(8,C) ) 1− and set
Then from the relation [α 1,
So, α is of the form
On the other hand, we have
and also we get
′ ,so(8,C) . Therefore we have
, it is easy to see that
This shows that exp(Θ(((P
′ ,so(8,C) ) 1− . Moreover, we have a split exact sequence
exp(Θ(((P
For R ∈ e 8 C , we define a C-linear mapping R × R : e 8 C → e 8 C by
(where B 8 is the Killing form of the Lie algebra e 8 C ) and a space W C by
Moreover, we define a subspace (
Lemma 4.3. For R = (Φ, P, Q, r, s, t) ∈ e 8 C satisfying σR = R, σ ′ R = R and [R D , R] = 0 for all D ∈ so(8, C), R = 0, R belongs to (W C ) σ,σ ′ ,so(8,C) if and only if R satisfies the following conditions.
(1) 2sΦ − P × P = 0 (2) 2tΦ + Q × Q = 0 (3) 2rΦ + P × Q = 0 (4) ΦP − 3rP − 3sQ = 0 (5) ΦQ + 3rQ − 3tP = 0 (6) {P, Q} − 16(st + r 2 ) = 0
(where B 7 is the Killing form of the Lie algebra e 7 C ) for all Φ 1 ∈ e 7 C , P 1 , Q 1 ∈ P C .
We denote the connected component of (E 8 C )
′ ,so(8,C) leaves invariant the Killing form B 8 of e 8 C :
This shows that (E 8 C )
σ,σ ′ ,so(8,C) acts on (W C ) σ,σ ′ ,so(8,C) . We will show that this action is transitive. Firstly for R 1 ∈ e 8 C , since
. In order to prove the transitivity, it is sufficient to show that any element R ∈ (W C ) σ,σ ′ ,so(8,C) can be transformed to
Case (1) . R = (Φ, P, Q, r, s, t), t = 0. From (2), (5), (6) of Lemma 4.3, we have
σ,σ ′ ,so(8,C) ) (Lemma 4.1. (2)), we compute Θ n 1 − ,
Hence by simple computing, we have
Here we set
Then we have
Thus R is transformed to 1 − by (exp Θ)
So, this case can be reduced to Case (1). Case (3). R = (Φ, P, Q, r, 0, 0), r = 0. From (2), (5), (6) of Lemma 4.3, we have
σ,σ ′ ,so(8,C) ) (Lemma 4.1. (2)), we see
So, this case can be reduced to Case (2).
Case (4) . R = (Φ, P, Q, 0, 0, 0), Q = 0. Choose
σ,σ ′ ,so(8,C) ) (Lemma 4.1. (2)), we have (exp Θ)R = * , * , * , − 1 8 {P 1 , Q}, * , * .
So, this case can be reduced to the Case (3).
Case (5) . R = (Φ, P, 0, 0, 0, 0), P = 0. Choose
σ,σ ′ ,so(8,C) ) (Lemma 4.1. (2)), we have
So, this case can be reduced to the Case (3). Case (6) . R = (Φ, 0, 0, 0, 0, 0), Φ = 0. From (10) of Lemma 4.3, we have
Hence this case is also reduced to Case (2) . Thus the proof of this proposition is completed. σ,σ ′ ,so(8,C) , we define the group (E 8 )
, (8) is isomorphic to so(8) and the Lie algebra (e 8 C )
is isomorphic to so(8, C), that is, we have
σ,σ ′ ,so(8,C) ∼ = so(8, C).
Proof. (e 8 )
σ,σ ′ ,so(8) ∼ = so(8) is proved in [4] . The latter case is the complexification of the former case. Their centers of groups above are Z 2 × Z 2 , Z 2 , 1, respectively. However, we see that the center of (E 8 C )
σ,σ ′ ,so(8,C) has 1, σ, σ ′ , σσ ′ , so its center is Z 2 × Z 2 . Hence the group (E 8 C )
σ,σ ′ ,so(8,C) have to be Spin(8, C).
6. The structure of the group (E 8 C )
σ,σ ′ By using the results above, we shall determine the structure of the group (E 8
Lemma 6.1. The Lie algebras (e 8 C )
σ,σ
′ is given by
In particular, dim C ((e 8 C )
σ,σ ′ ) = 37 + 8 × 2 + 3 = 56.
Proof. We can prove this proposition in a similar way to Proposition 4.2.
We define a subspace (
Lemma 6.3. For R = (Φ, P, Q, r, s, t) ∈ e 8 C satisfying σR = R, σ ′ R = R, R = 0, R belongs to (W C ) σ,σ ′ if and only if R satisfies the following conditions.
(1) 2sΦ − P × P = 0 (2) 2tΦ + Q × Q = 0 (1) 2rΦ + P × Q = 0 (4) ΦP − 3rP − 3sQ = 0 (5) ΦQ + 3rQ − 3tP = 0 (6) {P, Q} − 16(st + r 2 ) = 0
Proof. We can prove this proposition in a similar way to Proposition 4.4 by using Lemma 6.3.
the former half of this theorem is proved. Since ((E 8 C )
′ is also connected.
′ is connected (Proposition 6.5) and again from dim C ((e 8 C )
σ,σ ′ ) = 56 = dim C (spin(8, C) ⊕ spin(8, C)), we see that ϕ is onto. Thus we have the required isomorphism (E 8 C )
σ,σ ′ ∼ = (Spin(8, C) × Spin(8, C))/(Z 2 × Z 2 ), Z 2 × Z 2 = {(1, 1), (σ, σ)} × {(1, 1), (σ ′ , σ ′ )}.
Main theorem
By using results above, we will determine the structure of the group (E 8 )
σ,σ ′ which is the main theorem. Case (ii). This case is impossible. In fact, set β = (β 1 , β 2 , β 3 ), β k ∈ SO(8, C) satisfying (β 1 x)(β 2 y) = β 3 (xy), x, y ∈ C C . From the condition τ βτ = σβ, we have (τ β 1 , τ β 2 , τ β 3 ) = (β 1 , −β 2 , −β 3 ). Hence τ β 1 = β 1 , τ β 2 = −β 2 , τ β 3 = −β 3 .
From τ β 1 = β 1 , we have β 1 ∈ SO(8), hence β 2 is also β 2 ∈ SO(8) by the principle of triality. Then −β 2 = τ β 2 = β 2 which is a contradiction.
Case (iii) and (iv) are impossible as similar to Case (ii).
Thus we have the required isomorphism (E 8 )
σ,σ ′ ∼ = (Spin(8) × Spin(8))/(Z 2 × Z 2 ), Z 2 × Z 2 = {(1, 1), (σ, σ)} × {(1, 1), (σ ′ , σ ′ )}.
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